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Abstract
Let φ be a compactly supported symmetric real-valued refinable function in L2(R) with a finitely supported
symmetric real-valued mask on Z. Under the assumption that the shifts of φ are stable, in this paper we prove that
one can always construct three wavelet functions ψ1, ψ2, and ψ3 such that
(i) All the wavelet functions ψ1, ψ2, and ψ3 are compactly supported, real-valued and finite linear combinations
of the functions φ(2 · −k), k ∈ Z;
(ii) Each of the wavelet functions ψ1, ψ2, and ψ3 is either symmetric or antisymmetric;
(iii) {ψ1,ψ2,ψ3} generates a tight wavelet frame in L2(R), that is,
‖f ‖2 =
3∑
=1
∑
j∈Z
∑
k∈Z
∣∣〈f,ψj,k 〉∣∣2 ∀f ∈ L2(R),
where ψj,k := 2j/2ψ(2j · −k),  = 1,2,3 and j, k ∈ Z;
(iv) Each of the wavelet functions ψ1, ψ2, and ψ3 has the highest possible order of vanishing moments, that
is, its order of vanishing moments matches the order of the approximation order provided by the refinable
function φ.
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dropped. Some examples of symmetric tight wavelet frames with three compactly supported real-valued symmet-
ric/antisymmetric generators will be given to illustrate the results and construction in this paper.
 2004 Elsevier Inc. All rights reserved.
MSC: 42C20; 41A15; 41A25
Keywords: Symmetric tight wavelet frames; Multiresolution analysis; Oblique extension principle; Symmetry; Vanishing
moments; Sum rules
1. Introduction and motivation
Orthonormal wavelets and their various generalizations have been extensively studied in the litera-
ture and they have been successfully applied to many applications such as image processing and signal
denoising [1–24]. In this paper, we are particularly interested in tight wavelet frames that are derived
from refinable functions via a multiresolution analysis. A tight wavelet frame is a generalization of an
orthonormal wavelet basis by introducing redundancy into a wavelet system. Tight wavelet frames have
some desirable features, such as near translation invariant wavelet frame transforms, and it may be easier
to recognize patterns in a redundant transform. For advantages and applications of tight wavelet frames,
the reader is referred to [1–5,8–15,18,20–24] and many references therein.
Before proceeding further, let us recall some basic definitions. We say that a set {ψ1, . . . ,ψr} of
functions in L2(R) generates a (normalized) tight wavelet frame in L2(R) if
‖f ‖2 =
r∑
=1
∑
j∈Z
∑
k∈Z
∣∣〈f,ψj,k〉∣∣2 ∀f ∈ L2(R), (1.1)
with ψj,k := 2j/2ψ(2j · −k), and where 〈f,g〉 :=
∫
R
f (x)g(x) dx and ‖f ‖2 := 〈f,f 〉. The set
{ψ1, . . . ,ψr} is called a set of generators for the corresponding tight wavelet frame. Let δ denote the
Dirac sequence such that δ0 = 1 and δk = 0 for all k ∈ Z \ {0}. Suppose that {ψ1, . . . ,ψr} generates a
tight wavelet frame in L2(R). Then {ψ1, . . . ,ψr} generates an orthonormal wavelet basis in L2(R) if
and only if 〈ψj,k,ψ′j ′,k′ 〉 = δ−′δj−j ′δk−k′ for all , ′ = 1, . . . , r and j, j ′, k, k′ ∈ Z (or, if and only if
‖ψ1‖ = · · · = ‖ψr‖ = 1). It follows directly from (1.1) that any function f ∈ L2(R) has the wavelet
expansion
f =
r∑
=1
∑
j∈Z
∑
k∈Z
〈
f,ψj,k
〉
ψj,k.
In order to have a fast wavelet frame transform, tight wavelet frames are generally derived from refin-
able functions via a multiresolution analysis. A function φ is called a refinable function if it satisfies the
refinement equation
φ = 2
∑
akφ(2 · −k), (1.2)
k∈Z
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series of a sequence a on Z is defined to be
aˆ(ξ ) :=
∑
k∈Z
ake
−ikξ , ξ ∈ R. (1.3)
The Fourier transform of a function f ∈ L1(R) is defined by
fˆ (ξ ) :=
∫
R
f (x)e−ixξ dx, ξ ∈ R (1.4)
and can be naturally extended to other function spaces such as L2(R). Throughout this paper, we always
assume that a mask a satisfies aˆ(0) =∑k∈Z ak = 1 and all sequences on Z are assumed to be real-valued.
We are only interested in compactly supported real-valued refinable functions φ in the space L2(R) with
the normalization condition φˆ(0) = 1. In terms of the Fourier transform, the refinement equation in (1.2)
can be rewritten as
φˆ(ξ ) = aˆ(ξ/2)φˆ(ξ/2), ξ ∈ R. (1.5)
Consequently, it follows from (1.5) that φˆ(ξ ) =∏∞j=1 aˆ(2−j ξ ) since aˆ(0) = φˆ(0) = 1.
Recently, there is a growing interest in studying and constructing MRA tight wavelet frames derived
from refinable functions. On the other hand, in many applications, for various purposes such as dealing
with boundary conditions in a wavelet transform and having a better visual quality in image processing,
symmetry is a much desired property of a wavelet system; or equivalently, in the language of engineering,
filters with linear phases are preferred in many applications. It is of interest in both theory and application
to investigate MRA symmetric tight wavelet frames derived from symmetric refinable functions.
In order to obtain an orthonormal wavelet basis from a refinable function φ via the multiresolution
analysis, it is well known that the refinable function φ and its mask a must satisfy the following condi-
tions [7]:〈
φ(· − k),φ〉 := ∫
R
φ(x − k)φ(x)dx = δk ∀k ∈ Z (1.6)
(that is, {φ(· − k): k ∈ Z} is an orthonormal system) and∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2 = 1 ∀ξ ∈ R. (1.7)
If (1.6) holds, then one can easily obtain a wavelet function ψ by ψˆ(2ξ) = e−iξ aˆ(ξ + π)φˆ(ξ). Then {ψ}
generates an orthonormal wavelet basis in L2(R) (see [6,7]). Therefore, the main difficulty in constructing
an orthonormal wavelet basis lies in finding a desirable refinable function in L2(R) satisfying (1.6).
Orthonormal wavelet bases in L2(R) have been investigated in Daubechies [6,7]. As Daubechies pointed
out in [6,7], except the Haar wavelet function, up to a possible sign change and an integer shift, there is
no compactly supported real-valued symmetric orthonormal dyadic wavelet basis in L2(R). On the other
hand, the conditions in (1.6) and (1.7) impose a very restrictive constraint on a refinable function and its
mask. Many symmetric refinable functions such as the B-spline functions of order greater than one do
not satisfy (1.6).
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of compactly supported functions in L2(R), we say that {ψ1, . . . ,ψr} has m vanishing moments if∫
R
xjψ(x)dx = 0 ∀ = 1, . . . , r and j = 0, . . . ,m− 1. (1.8)
By introducing redundancy into a wavelet system and exploring the “power of redundancy,” it has been
demonstrated in recent literature [2–4,8,9,11,13–15,20,21,23,24] that it is much easier and more flexible
to construct and design tight wavelet frames than orthonormal wavelet bases. For example, Ron and Shen
demonstrated in [22] that from any B-spline function of order m, one can construct a symmetric tight
wavelet frame with m generators. More recently, Chui and He [2] (also see [20]) showed that if the mask
a for a symmetric refinable function satisfies |aˆ(ξ )|2 + |aˆ(ξ +π)|2  1 for all ξ ∈ R, then one can derive
a symmetric tight wavelet frame with three generators. Recently, Chui et al. [3] and Daubechies et al. [9]
obtained the following interesting procedure that yields all possible MRA tight wavelet frames derived
from a refinable function. Let us recall the results in [3,9] here.
Theorem 1.1. Let φ be a compactly supported refinable function in L2(R) with a finitely supported mask
a on Z such that φˆ(0) = 1, aˆ(0) = 1, and aˆ(π) = 0. Suppose that there exist finitely supported sequences
a1, . . . , ar and a 2π -periodic trigonometric (rational) polynomial Θ such that Θ(0) = 1 and[
â1(ξ) . . . âr (ξ )
â1(ξ + π) . . . âr (ξ + π)
] â1(ξ) â1(ξ + π)... ...
âr (ξ ) âr (ξ + π)
= MΘ(ξ), (1.9)
where
MΘ(ξ) :=
[
Θ(ξ)− Θ(2ξ)|aˆ(ξ )|2 −Θ(2ξ)aˆ(ξ)aˆ(ξ + π)
−Θ(2ξ)aˆ(ξ + π)aˆ(ξ) Θ(ξ + π)− Θ(2ξ)|aˆ(ξ + π)|2
]
. (1.10)
Define the wavelet functions ψ1, . . . ,ψr by
ψ̂(ξ) := â(ξ/2)φˆ(ξ/2),  = 1, . . . , r. (1.11)
Then {ψ1, . . . ,ψr} generates a tight wavelet frame in L2(R). Moreover, {ψ1, . . . ,ψr} has m vanishing
moments if and only if
Θ(ξ)−Θ(2ξ)∣∣aˆ(ξ )∣∣2 = O(|ξ |2m), ξ → 0. (1.12)
The general construction in Theorem 1.1 is called the oblique extension principle in [9]. As pointed
out in [3,9], the symmetric tight wavelet frames derived from B-spline functions in [2,22] can have at
most one vanishing moment.
Let φ be a compactly supported function in L2(R). We say that the shifts of φ are stable (or we say
that φ has stable shifts) [17] if there exist positive constants C1 and C2 such that
C1
∑
k∈Z
|ck|2 
∥∥∥∥∑
k∈Z
ckφ(· − k)
∥∥∥∥2 C2∑
k∈Z
|ck|2 ∀{ck}k∈Z ∈ 2(Z). (1.13)
If (1.9) in Theorem 1.1 holds, then it is easy to see that detMΘ(ξ) 0 for almost every ξ ∈ R. That
is, the inequality
detMΘ(ξ) = Θ(ξ)Θ(ξ + π)− Θ(2ξ)
[
Θ(ξ + π)∣∣aˆ(ξ )∣∣2 +Θ(ξ)∣∣aˆ(ξ + π)∣∣2] 0 (1.14)
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L2(R) with a finitely supported real-valued mask a on Z such that the shifts of φ are stable. It was
shown in [3] (also see [9] for the case of B-spline refinable functions) that there exists a 2π -periodic
trigonometric cosine-polynomial Θ with real coefficients and Θ(0) = 1 such that (1.14) and (1.12) hold
with m being the largest integer such that aˆ(ξ ) contains the factor (1 + e−iξ )m. Consequently, one has
MΘ(ξ) 0 for all ξ ∈ R and by a generalized Riesz lemma (see [3]), there exist finitely supported real-
valued sequences a1 and a2 such that (1.9) holds with r = 2. So, from a compactly supported real-valued
refinable function φ with stable shifts, one can always obtain an MRA tight wavelet frame with two
compactly supported real-valued generators having the highest possible order of vanishing moments [3].
Unfortunately, even when φ is symmetric, the construction in [3,9] cannot guarantee the symmetry of the
two constructed generators which do not have symmetry in most cases.
All the above discussions naturally motivate us to construct symmetric tight wavelet frames with the
number of generators as small as possible. More precisely, it is of interest in both theory and application
to ask the following question.
Question. Let φ be a compactly supported symmetric real-valued refinable function with a finitely sup-
ported real-valued mask a. Can one construct a set {ψ1, . . . ,ψr} of compactly supported real-valued
L2(R) functions derived from the refinable function φ via Theorem 1.1, with the number r of generators
being as small as possible, such that
(i) Each of the compactly supported real-valued wavelet functions ψ1, . . . ,ψr is either symmetric or
antisymmetric;
(ii) {ψ1, . . . ,ψr} generates a tight wavelet frame in L2(R);
(iii) {ψ1, . . . ,ψr} has the highest possible order of vanishing moments so that its order of vanishing
moments matches the approximation order provided by the refinable function φ?
The ideal case in the above question is r = 1 so that a symmetric tight wavelet frame is generated by
a single wavelet function. However, as shown in [3,9], except the tight wavelet frames generated by the
discontinuous Haar wavelet function or its dilated version, it is impossible to have an MRA compactly
supported real-valued symmetric tight wavelet frame with one continuous generator which is constructed
via Theorem 1.1; this is almost the same case as the symmetric orthonormal wavelet bases which have
been discussed in Daubechies [6,7].
Therefore, the smallest possible number of generators, which is of interest to be considered in the
above question, is r = 2. The above question for the case r = 2 has been extensively studied in [15],
where a necessary and sufficient condition has been obtained for the above question to have a solution
with r = 2. More precisely, it has been proved in [15, Theorem 2.4] that the above question with r = 2
has a solution if and only if there exists a 2π -periodic trigonometric polynomial Θ with real coefficients
such that
(1) Θ(0) = 1 and Θ(ξ) 0 for all ξ ∈ R;
(2) There exists a real-valued sequence d on Z with symmetry (that is, either dc−k = dk or dc−k = −dk
∀k ∈ Z for some integer c) such that detMΘ(ξ) = |dˆ(2ξ)|2, where the matrix MΘ is defined in (1.10);
(3) The greatest common factor of all the entries of the matrix MΘ satisfies a technical “gcd” condition.
See [15] for more detail on the technical “gcd” condition.
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(3) are satisfied, then the two compactly supported symmetric real-valued wavelet functions ψ1 and ψ2
can be easily obtained by [15, Algorithm 2.5]. However, it is our experience in [15] that for a given sym-
metric refinable function with a finitely supported symmetric mask, it is far from trivial to construct such
a desirable 2π -periodic trigonometric polynomial Θ such that all the conditions in (1)–(3) are satisfied
since nonlinear equations imposed by the condition in (2) are involved. The technical “gcd” condition in
(3) is automatically satisfied, in most cases, when conditions (1) and (2) hold; but as demonstrated in [15]
such technical “gcd” condition in (3) cannot be removed. In passing, we mention that the case Θ = 1
has been considered in [21] (for the special case Θ = 1, the technical condition in (3) is automatically
satisfied), but as discussed in [15] the general case with a nonconstant 2π -periodic trigonometric polyno-
mial Θ is much more complicated and involved. See [15] for some examples of symmetric tight wavelet
frames with two generators which are derived from B-spline functions. Using the unitary extension prin-
ciple in [22] (that is, Θ ≡ 1 in Theorem 1.1), symmetric tight wavelet frames with two generators have
been constructed in [18,24]. However, in order to increase the order of vanishing moments of the wavelet
functions in [18,24], one has to solve a set of nonlinear equations; the refinable functions in [18,24]
cannot be arbitrarily chosen and in general have a low order of approximation order and smoothness.
Therefore, it is of interest to ask whether the above question holds in general with r = 3. For the
case that φ is a B-spline function, we are able to demonstrate in [14] that indeed the above question
is true. However, the approach in [14] used some special properties of B-spline functions and cannot be
generalized to the general case for general symmetric refinable functions (see Section 2 for more details).
Motivated by the work in [2,3,8,9,14,15,21] and many references therein, it is our main purpose in this
paper to answer the above question for the case r = 3 and to show the following result:
Theorem 1.2. Let φ be a compactly supported real-valued symmetric refinable function in L2(R) with a
finitely supported symmetric real-valued mask a. Suppose that the shifts of φ are stable and the mask a
satisfies the sum rules of order m; that is, aˆ contains the factor (1+ e−iξ )m. Then there exist three finitely
supported real-valued sequences a1, a2, and a3 on Z with symmetry and a 2π -periodic trigonometric
polynomial Θ with real coefficients such that all the conditions in Theorem 1.1 are satisfied so that the
three wavelet functions ψ1, ψ2, and ψ3, which are defined to be
ψ̂(ξ) := â(ξ/2)φˆ(ξ/2),  = 1,2,3,
satisfy
(i) Each of the compactly supported wavelet functions ψ1,ψ2,ψ3 is real-valued and is either symmet-
ric or antisymmetric;
(ii) {ψ1,ψ2,ψ3} generates a tight wavelet frame in L2(R);
(iii) {ψ1,ψ2,ψ3} has m vanishing moments.
In this paper, we shall also show that the stability of the refinable function in Theorem 1.2 cannot
be removed. In fact, we demonstrate in Section 4 that there is a compactly supported symmetric real-
valued refinable function φ ∈ L2(R) with a finitely supported mask a so that no compactly supported
tight wavelet frame can be derived from such a refinable function φ via Theorem 1.1. Moreover, such a
refinable function φ can be made arbitrarily smooth and the Fourier series aˆ of its mask a can contain
the factor (1 + e−iξ )m for any preassigned positive integer m.
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and revisit the construction of symmetric tight wavelet frames derived from B-spline functions in [14].
We see in Section 2 that the approach in [14] for B-spline functions cannot be generalized to general
symmetric refinable functions. In Section 3, we introduce some auxiliary results that will be needed later.
In Section 4, we prove Theorem 1.2 and give an example to demonstrate that the assumption on stability
of the refinable function φ in Theorem 1.2 cannot be dropped. In Section 5, we present some examples
of symmetric tight wavelet frames with three symmetric generators and with high vanishing moments.
We finish the paper by some remarks on MRA symmetric tight wavelet frames in L2(R).
2. Symmetric tight wavelet frames from B-spline functions
In this section, we first review the definition of B-spline functions. Next, we revisit the construction of
symmetric tight wavelet frames with three generators derived from B-spline functions in [14]. Finally, we
make some remarks about the approach in [9,14] and demonstrate that the approach in [14] for B-spline
functions cannot be generalized to general symmetric refinable functions.
As an important family of refinable functions, B-spline functions are useful in applications. The
B-spline function of order m (m ∈ N), denoted by Bm throughout this paper, can be obtained via the recur-
sive formula: B1 := χ[0,1], the characteristic function of the interval [0,1], and Bm(x) := B1 ∗Bm−1(x) =∫ 1
0 Bm−1(x − t)dt for m 2, where ∗ denotes the convolution of two functions. The B-spline function
Bm ∈ Cm−2(R) is a symmetric refinable function satisfying B̂m(2ξ) = 2−m(1 + e−iξ )mB̂m(ξ) for ξ ∈ R.
Let φ be a compactly supported real-valued refinable function in L2(R) with a finitely supported sym-
metric real-valued mask a on Z. Suppose that one can find a 2π -periodic trigonometric polynomial θ1,
with real coefficients, such that θ1(0) = 1, θ1 is symmetric (that is, θ1(ξ) = e−icξ θ1(ξ) ∀ξ ∈ R for some
c ∈ R), and
θ(ξ)− θ(2ξ)(∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2) 0 ∀ξ ∈ [−π,π ], (2.1)
where θ(ξ) := |θ1(ξ)|2. By the Fejér–Riesz lemma, there exists a 2π -periodic trigonometric polyno-
mial θ2, with real coefficients, such that∣∣θ2(ξ)∣∣2 = θ(ξ) − θ(2ξ)(∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2).
Now define
â1(ξ) := e−iξ aˆ(ξ + π)θ1(2ξ), â2(ξ) := aˆ(ξ )
[
θ2(2ξ) + θ2(2ξ)
]
/2,
â3(ξ) := aˆ(ξ )[θ2(2ξ) − θ2(2ξ)]/2. (2.2)
It is evident that a1, a2, a3 are real-valued finitely supported sequences on Z and all of them have sym-
metry. Let
Θ(ξ) := θ(2ξ)(∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2). (2.3)
Then one can easily verify that all the conditions in Theorem 1.1 hold and, therefore, the corresponding
set {ψ1,ψ2,ψ3} of wavelet functions generates a symmetric tight wavelet frame in L2(R), with three
compactly supported real-valued symmetric/antisymmetric generators.
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ξ/2
sin(ξ/2)
= arcsin(sin(ξ/2))
sin(ξ/2)
=
∞∑
j=0
cj sin2j
ξ
2
, ξ ∈ [−π,π ],
where
c0 = 1 and cj := (2j − 1)!!
(2j)!!(2j + 1) =
1
2j + 1
j∏
k=1
(
1 − 1
2k
)
, j ∈ N.
We define the numbers dm,j (m ∈ N, j ∈ N ∪ {0}) which are uniquely determined by the identity(
m−1∑
j=0
cjx
j
)m
=
∞∑
j=0
dm,j x
j , x ∈ R. (2.4)
Define a 2π -periodic trigonometric polynomial θ1 by
θ1(ξ) := 1 +
m−1∑
j=1
dm,j sin2j
ξ
2
. (2.5)
It has been proved in [14] that (2.1) holds and Θ(ξ)−Θ(2ξ)|aˆ(ξ )|2 = O(|ξ |2m) as ξ → 0, where θ(ξ) =
|θ1(ξ)|2 and Θ is defined in (2.3). Therefore, {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in
L2(R) and has m vanishing moments.
The key idea of the above construction, as well as the construction of tight wavelet frames in [9], lies
in that there exists a 2π -periodic trigonometric polynomial θ such that θ(0) = 1 and (2.1) holds. In the
following, we shall see that (2.1) imposes a constraint on a mask and, consequently, for some family of
masks there does not exist a 2π -periodic trigonometric polynomial θ such that θ(0) = 1 and (2.1) holds.
The following result is given in [3, Example 4]. For completeness, we shall present another proof here.
Proposition 2.1. Let a be a finitely supported mask on Z such that |aˆ(ξ )|2 +|aˆ(ξ +π)|2  1 for all ξ ∈ R
and |aˆ(ξ0)|2 + |aˆ(ξ0 + π)|2 > 1 for some ξ0 ∈ R. Then there does not exist a 2π -periodic trigonometric
polynomial θ such that θ(0) = 1 and (2.1) holds.
Proof. Suppose that there exists a 2π -periodic trigonometric polynomial θ such that θ(0) = 1 and (2.1)
holds. By induction, it follows from (2.1) that
θ(ξ) θ
(
2nξ
) n−1∏
j=0
(∣∣aˆ(2j ξ)∣∣2 + ∣∣aˆ(2j ξ + π)∣∣2) ∀n ∈ N.
By θ(0) = 1 and the continuity of θ , it follows directly from the above inequality that θ(ξ) 0 for all
ξ ∈ R. By (2.1) and our assumption on the mask a, we deduce
2π∫
0
θ(ξ)dξ 
2π∫
0
θ(2ξ)
(∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2)dξ > 2π∫
0
θ(2ξ)dξ =
2π∫
0
θ(ξ)dξ
which is a contradiction. Therefore, there does not exist a 2π -periodic trigonometric polynomial θ such
that θ(0) = 1 and (2.1) holds. 
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Example 2.2. For any positive integer m> 1, define a polynomial Pm by
Pm(x) :=
m−1∑
j=0
(m− 1 + j)!
j !(m − 1)! x
j , x ∈ R. (2.6)
It is known [7] that (1 − x)mPm(x) + xmPm(1 − x) = 1 for all x ∈ R. Define aˆ(ξ ) := cos2m−2(ξ/2)×
Pm(sin2(ξ/2)). Then we have
aˆ(ξ ) cos2(ξ/2)+ aˆ(ξ + π) sin2(ξ/2) = 1 ∀ξ ∈ R.
By the Cauchy–Schwarz inequality, it follows from the above identity that:∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2  1
cos4(ξ/2)+ sin4(ξ/2)  1 ∀ξ ∈ R.
Clearly, |aˆ(π/2)|2 + |aˆ(π/2 + π)|2  [cos4(π/4) + sin4(π/4)]−1 = 2 > 1. Therefore, the conditions in
Proposition 2.1 are satisfied and, consequently, by Proposition 2.1, there does not exist a 2π -periodic
trigonometric polynomial θ such that θ(0) = 1 and (2.1) holds for such mask a. Let φ be the refinable
function associated with the mask a. It is known in [7] that the shifts of φ are stable and φ can be made
arbitrarily smooth by increasing the integer m.
3. Some auxiliary results
In this section, in order to prove Theorem 1.2, we shall first introduce some auxiliary results.
We denote by C(T) the space of all 2π -periodic continuous functions on R. Similarly, we denote by
C∞(T) the subspace of all f ∈ C(T) such that f is infinitely differentiable. For f ∈ C∞(T), we let f (j)
denote the j th derivative of the function f .
Lemma 3.1. Let f ∈ C∞(T) and g ∈ C(T) such that g − f = qh for some 2π -periodic trigonometric
polynomial q and h ∈ C(T), where q(ξ) 0 and h(ξ) > 0 for all ξ ∈ R. Then there exists a 2π -periodic
trigonometric polynomial p such that
f (ξ) p(ξ) g(ξ) ∀ξ ∈ R. (3.1)
Proof. Since q is a 2π -periodic trigonometric polynomial, the number of zeros of q is finite. By our
assumption f ∈ C∞(T), there exists a 2π -periodic trigonometric polynomial f1 such that
f2 := f − f1
q
∈ C(T). (3.2)
The existence of the 2π -periodic trigonometric polynomial f1 in (3.2) is guaranteed by requiring that
f
(j)
1 (ξ0) = f (j)(ξ0) for all j = 0, . . . , k − 1 whenever q has a kth order zero at ξ0 ∈ R. Now define
g2 := g − f1 = f − f1 + g − f = f2 + h ∈ C(T).
q q q
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2π -periodic trigonometric polynomial p2 such that f2(ξ) < p2(ξ) < g2(ξ) for all ξ ∈ R.
Now let p(ξ) := f1(ξ)+ q(ξ)p2(ξ). Then p is a 2π -periodic trigonometric polynomial, such that, for
all ξ ∈ R,
f (ξ) = f1(ξ)+ q(ξ)f2(ξ) f1(ξ)+ q(ξ)p2(ξ) = p(ξ) f1(ξ)+ q(ξ)g2(ξ) = g(ξ).
This completes the proof. 
Let a be a finitely supported mask on Z. The transition operator Ta :C(T) → C(T) associated with
the mask a is defined to be
[Taf ](ξ) :=
∣∣aˆ(ξ/2)∣∣2f (ξ/2) + ∣∣aˆ(ξ/2 + π)∣∣2f (ξ/2 + π), ξ ∈ R, f ∈ C(T). (3.3)
Let a be a finitely supported sequence on Z and let m be a positive integer. For convenience, we introduce
the following linear operator Ha,m:
Ha,m(f )(ξ) := f (ξ) − Taf (ξ)
sin2m(ξ/2)
, ξ ∈ R, f ∈ C(T). (3.4)
The linear operator Ha,m in (3.4) plays a very important role in our study of symmetric tight wavelet
frames in this paper.
For any rational function f/g, if g(ξ0) = 0 but limξ→ξ0 f (ξ)/g(ξ) exists, then throughout the paper,
f (ξ0)/g(ξ0) is understood to be limξ→ξ0 f (ξ)/g(ξ). That is, if we write f (ξ0)/g(ξ0), then it means
limξ→ξ0 f (ξ)/g(ξ) exists and f (ξ0)/g(ξ0) := limξ→ξ0 f (ξ)/g(ξ).
Now we have the following lemma.
Lemma 3.2. Let a be a finitely supported mask on Z such that aˆ(ξ ) = (1 + e−iξ )mbˆ(ξ) for some positive
integer m and some finitely supported sequence b on Z. Let f ∈ C∞(T) such that
(i) f (0) = 1 and f (ξ) > 0 for all ξ ∈ R;
(ii) Ha,m(f ) ∈ C(T) and df := minξ∈R Ha,m(f )(ξ) > 0, where the operator Ha,m is defined in (3.4).
Then, for any g ∈ C∞(T) such that∣∣∣∣g(ξ)− f (ξ)sin2m(ξ/2)
∣∣∣∣< dfdb ∀ξ ∈ R, (3.5)
where
db := max
ξ∈R
(
1 + ∣∣bˆ(ξ )∣∣2 + ∣∣bˆ(ξ + π)∣∣2), (3.6)
one has g(0) = 1, Ha,m(g) ∈ C(T), and Ha,m(g)(ξ) > 0 for all ξ ∈ R.
Proof. Denote
h(ξ) := g(ξ)− f (ξ)
sin2m(ξ/2)
, ξ ∈ R.
Then (3.5) implies that h ∈ C(T) and |h(ξ)| < df /db for all ξ ∈ R. Moreover, g − f = h sin2m(·/2).
Therefore, by aˆ(ξ ) = (1 + e−iξ )mbˆ(ξ), we have
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(
h sin2m(·/2))(ξ)
= ∣∣aˆ(ξ/2)∣∣2h(ξ/2) sin2m(ξ/4)+ ∣∣aˆ(ξ/2 + π)∣∣2h(ξ/2 + π) cos2m(ξ/4)
= 4m∣∣bˆ(ξ/2)∣∣2 cos2m(ξ/4)h(ξ/2) sin2m(ξ/4)
+ 4m∣∣bˆ(ξ/2 + π)∣∣2 sin2m(ξ/4)h(ξ/2 + π) cos2m(ξ/4)
= 4m cos2m(ξ/4) sin2m(ξ/4)[∣∣bˆ(ξ/2)∣∣2h(ξ/2)+ ∣∣bˆ(ξ/2 + π)∣∣2h(ξ/2 + π)]
= sin2m(ξ/2)[Tbh](ξ).
Consequently, we have
Ha,m(g)− Ha,m(f ) = g − f
sin2m(·/2) −
Ta(g − f )
sin2m(·/2) = h− Tbh.
By |h(ξ)| < df /db for all ξ ∈ R, we deduce that∣∣h(ξ)− Tbh(ξ)∣∣ (max
ξ∈R
∣∣h(ξ)∣∣)(max
ξ∈R
(
1 + ∣∣bˆ(ξ )∣∣2 + ∣∣bˆ(ξ + π)∣∣2))< df
db
× db = df
for all ξ ∈ R. Therefore, Ha,m(g) = Ha,m(f ) + [h − Tbh] ∈ C(T) since Ha,m(f ), h, Tbh ∈ C(T). By the
definition of df , we conclude that
Ha,m(g)(ξ) = Ha,m(f )(ξ) +
[
h(ξ)− Tbh(ξ)
]
>Ha,m(f )(ξ)− df  0 ∀ξ ∈ R
and Ha,m(g) ∈ C(T). By g(ξ)− f (ξ) = h(ξ) sin2m(ξ/2) and f (0) = 1, we must have g(0) = 1. 
Proposition 3.3. Let a be a finitely supported real-valued mask on Z such that aˆ(ξ ) = (1+e−iξ )mbˆ(ξ) for
some positive integer m and some finitely supported sequence b on Z. Let φ be the compactly supported
real-valued refinable function associated with the mask a. Suppose that φ ∈ L2(R) and the shifts of φ are
stable. Then there exists a 2π -periodic trigonometric polynomial θ1 such that
(i) θ1(0) = 1 and θ1(ξ) > 0 for all ξ ∈ R;
(ii) Ha,m(1/θ1) ∈ C(T) and Ha,m(1/θ1)(ξ) > 0 for all ξ ∈ R, where the operator Ha,m is defined in (3.4).
Proof. Since a is a finitely supported sequence on Z, there exist two positive integers M and N such that
ak = 0 and bk = 0 for all k ∈ Z \ [−M,N]. Define
V :=
{
M+N∑
k=−M−N
cke
−ikξ : ck ∈ C, k = −M −N, . . . ,M +N
}
.
Then it is easy to verify (see [7]) that TaV ⊆ V and TbV ⊆ V . Since φ ∈ L2(R) and the shifts of φ are
stable, by [19], we have ρ(Tb|V ) < 1, where ρ(Tb|V ) denotes the spectral radius of the transition operator
Tb acting on the space V . Consequently, by 1 ∈ V and [T nb 1](ξ) 0 for all ξ ∈ R and n ∈ N, we have
(I − Tb)−11 = 1 +
∞∑
n=1
T nb 1 1.
Since 1 ∈ V and T nb 1 ∈ V for all n ∈ N, we conclude that (I − Tb)−11 ∈ V . In particular, we deduce that
(I − Tb)−11 is a 2π -periodic trigonometric polynomial.
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stable, Φ must be a 2π -periodic trigonometric polynomial and Φ(ξ) > 0 for all ξ ∈ R. By the refinement
equation φˆ(ξ ) = aˆ(ξ/2)φˆ(ξ/2), it is easy to see that TaΦ = Φ.
Now define
η(ξ) := Φ(ξ) + sin2m(ξ/2)[(I − Tb)−11](ξ), ξ ∈ R. (3.7)
Then by [(I − Tb)−11](ξ)  1 for all ξ ∈ R, η(ξ)  Φ(ξ) > 0 for all ξ ∈ R and η is a 2π -periodic
trigonometric polynomial. By calculation, we have η(0) = Φ(0) = 1 and
Taη(ξ) =
∣∣aˆ(ξ/2)∣∣2η(ξ/2)+ ∣∣aˆ(ξ/2 + π)∣∣2η(ξ/2 + π)
= ∣∣aˆ(ξ/2)∣∣2Φ(ξ/2) + ∣∣aˆ(ξ/2 + π)∣∣2Φ(ξ/2 + π)
+ ∣∣aˆ(ξ/2)∣∣2 sin2m(ξ/4)[(I − Tb)−11](ξ/2)
+ ∣∣aˆ(ξ/2 + π)∣∣2 cos2m(ξ/4)[(I − Tb)−11](ξ/2 + π)
= Φ(ξ) + 4m∣∣bˆ(ξ/2)∣∣2 cos2m(ξ/4) sin2m(ξ/4)[(I − Tb)−11](ξ/2)
+ 4m∣∣bˆ(ξ/2 + π)∣∣2 sin2m(ξ/4) cos2m(ξ/4)[(I − Tb)−11](ξ/2 + π)
= Φ(ξ) + 4m cos2m(ξ/4) sin2m(ξ/4)[∣∣bˆ(ξ/2)∣∣2[(I − Tb)−11](ξ/2)
+ ∣∣bˆ(ξ/2 + π)∣∣2[(I − Tb)−11](ξ/2 + π)]
= Φ(ξ) + sin2m(ξ/2)[Tb(I − Tb)−11](ξ)
= Φ(ξ) + sin2m(ξ/2)[(I − Tb)−11](ξ)− sin2m(ξ/2)
= η(ξ) − sin2m(ξ/2).
Therefore, we have
Ha,m(η)(ξ) = η(ξ) − Taη(ξ)
sin2m(ξ/2)
= sin
2m(ξ/2)
sin2m(ξ/2)
= 1 ∀ξ ∈ R. (3.8)
Take ε such that 0 < ε < 1/db, where db is defined in (3.6). Note that η(ξ) > 0 for all ξ ∈ R and
1
η(ξ)
− 1
η(ξ)+ ε sin2m(ξ/2) = ε sin
2m(ξ/2)h(ξ)
with
h(ξ) := 1
η(ξ)[η(ξ)+ ε sin2m(ξ/2)] > 0 ∀ξ ∈ R.
Clearly, h ∈ C∞(T). By Lemma 3.1, there exists a 2π -periodic trigonometric polynomial θ1 such that
1
η(ξ)+ ε sin2m(ξ/2)  θ1(ξ)
1
η(ξ)
∀ξ ∈ R. (3.9)
Therefore, we have
η(ξ) 1  η(ξ)+ ε sin2m(ξ/2) ∀ξ ∈ R,
θ1(ξ)
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∣∣∣∣ ε < 1db ∀ξ ∈ R.
Now it follows from Lemma 3.2 that all the conditions in (i) and (ii) of Proposition 3.3 hold since (3.9)
also implies that θ1(ξ) > 0 for all ξ ∈ R. 
Proposition 3.3 appeared in [3, Theorem 5] and its proof here is quite similar to that of [3, Theorem 5].
The above proof employs the function sin2m(ξ/2)[(I −Tb)−11](ξ) instead of an eigenfunction Fm, which
is used in [3, Theorem 5], of Ta with Fm having a zero of order 2m at ξ = 0.
Proposition 3.4. Under the same conditions as in Proposition 3.3, we denote θ1 to be the 2π -periodic
trigonometric polynomial such that (i) and (ii) in Proposition 3.3 are satisfied. Then there exists a 2π -
periodic trigonometric polynomial θ2 such that
(i) θ2(0) = 1 and θ2(ξ) > 0 for all ξ ∈ R;
(ii) Ha,m(1/Θ) ∈ C(T) and Ha,m(1/Θ)(ξ) > 0 for all ξ ∈ R, where the operator Ha,m is defined in (3.4)
and
Θ(ξ) := θ1(ξ)θ22 (2ξ)
[∣∣aˆ(ξ )∣∣2θ1(ξ + π)+ ∣∣aˆ(ξ + π)∣∣2θ1(ξ)]. (3.10)
Proof. Denote dθ−11 := minξ∈R Ha,m(1/θ1)(ξ) > 0. Since θ1(ξ) > 0 for all ξ ∈ R, there exists ε > 0 such
that dθ−11 θ1(ξ) > 4
mdbε for all ξ ∈ R, where db is defined in (3.6). Denote
θ3(ξ) :=
[
Ta
(
θ1(· + π)
)]
(ξ) = ∣∣aˆ(ξ/2)∣∣2θ1(ξ/2 + π)+ ∣∣aˆ(ξ/2 + π)∣∣2θ1(ξ/2).
Since θ1(ξ) > 0 and |aˆ(ξ )|2 + |aˆ(ξ + π)|2 > 0 for all ξ ∈ R, we deduce that θ3(ξ) > 0 for all ξ ∈ R.
We observe that
1√
θ3(ξ)
− 1√
θ3(ξ)
√
1 + ε sin2m(ξ/2)
= ε sin2m(ξ/2)h(ξ),
with
h(ξ) := 1√
θ3(ξ)
√
1 + ε sin2m(ξ/2)[
√
1 + ε sin2m(ξ/2)+ 1]
, ξ ∈ R.
Clearly, h ∈ C∞(T) and h(ξ) > 0 for all ξ ∈ R. By Lemma 3.1, there exists a 2π -periodic trigonometric
polynomial θ2 such that
1√
θ3(ξ)
√
1 + ε sin2m(ξ/2)
 θ2(ξ)
1√
θ3(ξ)
∀ξ ∈ R.
We observe that the above inequalities are equivalent to
1 1
θ22 (ξ)θ3(ξ)
 1 + ε sin2m(ξ/2) ∀ξ ∈ R,
which implies that
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θ22 (2ξ)θ3(2ξ)
 1 + ε sin2m ξ = 1 + 4mε cos2m(ξ/2) sin2m(ξ/2) 1 + 4mε sin2m(ξ/2)
for all ξ ∈ R. Consequently, by Θ(ξ) = θ1(ξ)θ22 (2ξ)θ3(2ξ), it follows from the above inequalities that:∣∣∣∣1/Θ(ξ)− 1/θ1(ξ)sin2m(ξ/2)
∣∣∣∣= 1θ1(ξ)
∣∣∣∣1/(θ22 (2ξ)θ3(2ξ)) − 1sin2m(ξ/2)
∣∣∣∣ 4mεθ1(ξ) < dθ−11db ∀ξ ∈ R,
where we used the fact that dθ−11 θ1(ξ) > 4
mdbε implies 4mε/θ1(ξ) < dθ−11 /db. Now by Lemma 3.2, we
must have Θ(0) = 1, Ha,m(1/Θ) ∈ C(T) and Ha,m(1/Θ)(ξ) > 0 for all ξ ∈ R. 
4. Proof of Theorem 1.2 and the stability condition
In this section, we prove Theorem 1.2 and show that the assumption on the stability of the refinable
function in Theorem 1.2 cannot be removed.
In order to prove Theorem 1.2, let us introduce the following result.
Theorem 4.1. Let φ ∈ L2(R) be a compactly supported refinable function with a finitely supported mask
a such that φˆ(0) = 1, aˆ(0) = 1, and aˆ(π) = 0. Suppose that there is a 2π -periodic trigonometric poly-
nomial θ such that
θ(0)θ(π) = 1 and θ0(ξ) 0 ∀ξ ∈ R, (4.1)
where the 2π -periodic trigonometric polynomial θ0 is defined to be
θ0(ξ) := θ(ξ/2)θ(ξ/2 + π) − θ(ξ)
[∣∣aˆ(ξ )∣∣2θ(ξ + π) + ∣∣aˆ(ξ + π)∣∣2θ(ξ)], ξ ∈ R. (4.2)
Define
â1(ξ) := e−iξ aˆ(ξ + π) θ(ξ) and â2(ξ) := aˆ(ξ )d(2ξ), (4.3)
where d is a 2π -periodic trigonometric polynomial such that |d(ξ)|2 = θ0(ξ). Define the wavelet func-
tions ψ1 and ψ2 by
ψ̂1(ξ) := â1(ξ/2)φˆ(ξ/2) and ψ̂2(ξ) := â2(ξ/2)φˆ(ξ/2).
Then {ψ1,ψ2} generates a tight wavelet frame in L2(R).
Proof. Define
Θ(ξ) := θ(ξ)[∣∣aˆ(ξ )∣∣2θ(ξ + π)+ ∣∣aˆ(ξ + π)∣∣2θ(ξ)]. (4.4)
Then we have Θ(0) = θ(0)θ(π) = 1 and θ0(2ξ) = θ(ξ)θ(ξ + π) − Θ(2ξ). By the definition of a1 and
a2 in (4.3), we have∣∣â1(ξ)∣∣2 + ∣∣â2(ξ)∣∣2 = ∣∣aˆ(ξ + π)∣∣2θ(ξ)θ(ξ) + ∣∣aˆ(ξ )∣∣2∣∣d(2ξ)∣∣2
= ∣∣aˆ(ξ + π)∣∣2θ(ξ)θ(ξ) + ∣∣aˆ(ξ )∣∣2θ0(2ξ)
= ∣∣aˆ(ξ + π)∣∣2θ(ξ)θ(ξ) + ∣∣aˆ(ξ )∣∣2θ(ξ)θ(ξ + π)−Θ(2ξ)∣∣aˆ(ξ )∣∣2
= θ(ξ)[∣∣aˆ(ξ + π)∣∣2θ(ξ)+ ∣∣aˆ(ξ )∣∣2θ(ξ + π)]−Θ(2ξ)∣∣aˆ(ξ )∣∣2
= Θ(ξ)− Θ(2ξ)∣∣aˆ(ξ )∣∣2
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â1(ξ)â1(ξ + π)+ â2(ξ)â2(ξ + π) = e−iξ aˆ(ξ + π)θ(ξ)ei(ξ+π)aˆ(ξ )θ(ξ + π)
+ aˆ(ξ )d(2ξ)aˆ(ξ + π)d(2ξ)
= −θ(ξ)θ(ξ + π)aˆ(ξ)aˆ(ξ + π) + aˆ(ξ )aˆ(ξ + π)θ0(2ξ)
= aˆ(ξ )aˆ(ξ + π)[θ(ξ)θ(ξ + π)− Θ(2ξ) − θ(ξ)θ(ξ + π)]
= −Θ(2ξ)aˆ(ξ)aˆ(ξ + π).
Therefore, all the conditions in (1.9) are satisfied. By Theorem 1.1, {ψ1,ψ2} generates a tight wavelet
frame in L2(R). 
In order to derive tight wavelet frames with two compactly supported generators via Theorem 1.1
from a compactly supported refinable function in L2(R) with stable shifts, it is a necessary and sufficient
condition [3] to have a 2π -periodic trigonometric polynomial Θ such that Θ(0) = 1 and (1.14) holds.
The key idea of the above Theorem 4.1 lies in the fact that, for a special form of Θ in (4.4), the relations
in (4.1) imply (1.14). More precisely, we have the following result.
Proposition 4.2. Let a be a finitely supported mask on Z such that aˆ(0) = 1 and aˆ(π) = 0. For a 2π -
periodic trigonometric polynomial θ , define θ0 and Θ in (4.2) and (4.4), respectively. Then Θ(0) = 1
and (1.14) holds if and only if (4.1) holds.
Proof. By the definition of (4.4), it follows from aˆ(0) = 1 and aˆ(π) = 0 that θ(0)θ(π) = Θ(0). Denote
f (ξ) := |aˆ(ξ )|2θ(ξ + π)+ |aˆ(ξ + π)|2θ(ξ). Similarly, it follows from the definition of Θ in (4.4) that
Θ(ξ)Θ(ξ + π)− Θ(2ξ)(Θ(ξ + π)∣∣aˆ(ξ )∣∣2 + Θ(ξ)∣∣aˆ(ξ + π)∣∣2)
= θ(ξ)θ(ξ + π)∣∣f (ξ)∣∣2 − θ(2ξ)f (2ξ)(θ(ξ + π)f (ξ)∣∣aˆ(ξ )∣∣2 + θ(ξ)f (ξ)∣∣aˆ(ξ + π)∣∣2)
= θ(ξ)θ(ξ + π)∣∣f (ξ)∣∣2 − θ(2ξ)f (2ξ)f (ξ)f (ξ)
= ∣∣f (ξ)∣∣2(θ(ξ)θ(ξ + π)− θ(2ξ)f (2ξ))
= ∣∣f (ξ)∣∣2θ0(2ξ).
If θ0(ξ)  0 for all ξ ∈ R, then by a similar argument as in Proposition 2.1, we must have θ(ξ) ×
θ(ξ + π) 0 for all ξ ∈ R. Therefore, by the definition of Θ in (4.4), we have Θ(ξ) 0 for all ξ ∈ R
and by the above identities, (1.14) holds.
Conversely, if (1.14) holds, then Θ is real-valued and the above identities imply that θ0(ξ) 0 for all
ξ ∈ R. 
By modifying Theorem 4.1, we have the following result on symmetric tight wavelet frames.
Theorem 4.3. Let φ ∈ L2(R) be a compactly supported real-valued symmetric refinable function with a
finitely supported real-valued symmetric mask a on Z (that is, ak = ac−k ∀k ∈ Z for some integer c) such
that φˆ(0) = 1, aˆ(0) = 1, and aˆ(π) = 0. Suppose that there is a 2π -periodic symmetric trigonometric
polynomial θ , with real coefficients, such that (4.1) holds, with θ0 being defined in (4.2). Define
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â3(ξ) := aˆ(ξ )[d(2ξ) − d(2ξ)]/2, (4.5)
where d is a 2π -periodic trigonometric polynomial with real coefficients such that |d(ξ)|2 = θ0(ξ). De-
fine the wavelet functions ψ1, ψ2, and ψ3 by
ψ̂1(ξ) := â1(ξ/2)φˆ(ξ/2), ψ̂2(ξ) := â2(ξ/2)φˆ(ξ/2), ψ̂3(ξ) := â3(ξ/2)φˆ(ξ/2). (4.6)
Then {ψ1,ψ2,ψ3} generates a tight wavelet frame in L2(R) and each of the wavelet functions ψ1, ψ2,
ψ3 is real-valued and is either symmetric or antisymmetric.
Proof. Note that[
d(2ξ) + d(2ξ)][d(2ξ) + d(2ξ)]+ [d(2ξ) − d(2ξ)][d(2ξ) − d(2ξ)]= 4∣∣d(2ξ)∣∣2.
Therefore, we have∣∣â2(ξ)∣∣2 + ∣∣â3(ξ)∣∣2 = ∣∣aˆ(ξ )∣∣2∣∣d(2ξ)∣∣2
and
â2(ξ)â2(ξ + π)+ â3(ξ)â3(ξ + π) = aˆ(ξ )aˆ(ξ + π)∣∣d(2ξ)∣∣2.
Now, the same argument as in the proof of Theorem 4.1 shows that (1.9) holds. 
Let φ = Bm be the B-spline function of order m with mask aˆ(ξ ) = 2−m(1 + e−iξ )m. Let θ1 be defined
in (2.5). Take θ(ξ) := θ1(2ξ). Then θ(0)θ(π) = |θ1(0)|2 = 1 and it was proved in [15] that∣∣θ1(ξ)∣∣2 − ∣∣θ1(2ξ)∣∣2[∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2] 0 ∀ξ ∈ R.
Consequently, the 2π -periodic trigonometric polynomial θ0 defined in (4.2) satisfies
θ0(ξ) =
∣∣θ1(ξ)∣∣2 − ∣∣θ1(2ξ)∣∣2[∣∣aˆ(ξ )∣∣2 + ∣∣aˆ(ξ + π)∣∣2] 0 ∀ξ ∈ R.
Therefore, all the conditions in Theorem 4.3 are satisfied. Hence, {ψ1,ψ2,ψ3}, which is defined in
(4.6), generates a tight wavelet frame in L2(R) and each of the wavelet functions ψ1, ψ2, ψ3 is either
symmetric or antisymmetric. So, the result in [14] is covered by Theorem 4.3 with the choice of θ1 in
(2.5) and θ(ξ) = θ1(2ξ). In fact, if here we take any π -periodic trigonometric polynomial θ satisfying
|θ(ξ)|2 = |θ1(2ξ)|2, then all the conditions in Theorems 4.1 and 4.3 are still satisfied. Therefore, it is not
necessary that the 2π -periodic trigonometric polynomial θ in Theorems 4.1 and 4.3 be real-valued.
Proof of Theorem 1.2. Write the Fourier series of the mask a as aˆ(ξ ) = (1 + e−iξ )mbˆ(ξ) with bˆ(π) = 0
for some integer m and some finitely supported sequence b on Z. Since φ ∈ L2(R) and the shifts of φ are
stable, we must have m> 0.
By Propositions 3.3 and 3.4, there exist two 2π -periodic trigonometric polynomials θ1 and θ2 such
that
(i) θ1(0)θ1(π) = θ2(0) = 1, θ1(ξ) > 0, and θ2(ξ) > 0 for all ξ ∈ R;
(ii) Ha,m(1/Θ) ∈ C(T) and Ha,m(1/Θ)(ξ) > 0 for all ξ ∈ R, where the operator Ha,m is defined in (3.4)
and Θ is defined in (4.4) with θ(ξ) := θ1(ξ)θ2(2ξ).
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ξ ∈ R.
By Proposition 4.2, it suffices to show that (1.14) holds. By the definition of the transition operator Ta
in (3.3), we have
1
Θ(ξ)
− Ta 1
Θ
(ξ) = 1
Θ(ξ)
− |aˆ(ξ/2)|
2
Θ(ξ/2)
− |aˆ(ξ/2 + π)|
2
Θ(ξ/2 + π)
= Θ(ξ/2)Θ(ξ/2 + π) −Θ(ξ)[|aˆ(ξ/2)|
2Θ(ξ/2 + π) + |aˆ(ξ/2 + π)|2Θ(ξ/2)]
Θ(ξ)Θ(ξ/2)Θ(ξ/2 + π) .
By the definition of Ha,m(1/Θ) in (3.4), we have
1
Θ(ξ)
− Ta 1
Θ
(ξ) = sin2m(ξ/2)Ha,m(1/Θ)(ξ).
Since Ha,m(1/Θ)(ξ) > 0 and Θ(ξ) > 0 for all ξ ∈ R, we conclude that
Θ(ξ/2)Θ(ξ/2 + π)− Θ(ξ)[∣∣aˆ(ξ/2)∣∣2Θ(ξ/2 + π)+ ∣∣aˆ(ξ/2 + π)∣∣2Θ(ξ/2)]
= Θ(ξ)Θ(ξ/2)Θ(ξ/2 + π) sin2m(ξ/2)Ha,m(1/Θ)(ξ) 0
for all ξ ∈ R. So, (1.14) holds. Hence, by Proposition 4.2, θ0(ξ) 0 for all ξ ∈ R.
Therefore, all the conditions in Theorem 4.3 are satisfied. Since θ0(ξ) = O(sin2m(ξ/2)) = O(|ξ |2m)
as ξ → 0, it is straightforward to see that â(ξ ) = O(|ξ |m) as ξ → 0 for all  = 1,2,3, where a1, a2, a3
are defined in (4.5). Therefore, {ψ1,ψ2,ψ3} must have m vanishing moments. Now the conclusion in
Theorem 1.2 follows directly from Theorem 4.3. 
By the above proof of Theorem 1.2 and by Theorem 4.1, we see that one can always obtain a tight
wavelet frame with two compactly supported generators ψ1 and ψ2 which are derived from any com-
pactly supported refinable function φ ∈ L2(R) whose shifts are stable. This gives another proof for
Theorem 7 in [3]. Moreover, the wavelet function ψ1 constructed in Theorem 4.1 has symmetry when
the refinable function φ is symmetric.
Let ψ2 and ψ3 be the wavelet functions defined in Theorems 4.1 and 4.3. It is obvious that ψ2 and ψ3
are finite linear combinations of the functions φ(·−k), k ∈ Z; that is, ψ2,ψ3 ∈ V0, where V0 is the closed
linear span of the functions φ(·−k), k ∈ Z. Moreover, by d(0) = 0, we see that ψ̂2(2πk) = ψ̂3(2πk) = 0
for all k ∈ Z. Therefore, the shifts of ψ2 and ψ3 are not stable. If d(π) = 0, then, by [8, Corollary 3.4],
ψ2 in Theorems 4.1 and 4.3 generates a wavelet frame in L2(R).
Let φ ∈ L2(R) be a compactly supported (symmetric) refinable function with a finitely supported
(symmetric) mask on Z. It is known [17] that there exists a compactly supported (symmetric) refinable
function η ∈ L2(R) with a finitely supported mask such that the shifts of η are stable and φ is a finite
linear combination of the functions η(· − k), k ∈ Z. By Theorems 4.1 and 1.2, a compactly supported
(symmetric) tight wavelet frame in L2(R) can be derived from η (that is, it is indirectly derived from the
refinable function φ).
On the other hand, from any compactly supported refinable function φ ∈ L2(R), with a finitely sup-
ported mask a such that aˆ(0) = 1 and aˆ(π) = 0, a pair of dual wavelet frames can always be derived
from the refinable function φ whose shifts are not required to be stable (see [3,8,9,13]). Therefore, it is
quite appealing to conjecture that the stability condition on the refinable function in Theorem 1.2 can be
removed. However, in the following, we shall see that this conjecture is not true.
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|aˆ(2π/3)| /∈ {2j : j ∈ N}. Then there does not exist a 2π -periodic trigonometric rational polynomial
Θ with real coefficients such that
(i) Θ(0) = 1 and Θ(ξ) 0, a.e. ξ ∈ R;
(ii) Θ(ξ) − Θ(2ξ)|aˆ(ξ )|2 can be regarded as a 2π -periodic trigonometric polynomial (that is, all its
singularities are removable) and Θ(ξ)− Θ(2ξ)|aˆ(ξ )|2  0 for all ξ ∈ R.
Consequently, for any positive integer r , there do not exist finitely supported real-valued sequences
a1, . . . , ar and a 2π -periodic trigonometric rational polynomial Θ with real coefficients such that all
the conditions in Theorem 1.1 are satisfied.
Proof. Suppose that such a 2π -periodic trigonometric rational polynomial Θ exists. Since Θ(ξ)  0
a.e. ξ ∈ R, by the same argument as in [15, Lemma 4.3], if Θ has a zero or a singularity at ξ0, then
Θ(ξ) = Θ(−ξ) and its multiplicity must be an even integer. In particular, the multiplicity of the zeros or
singularities of Θ at ξ0 = 2π/3 is an even integer. Note that (e−iξ − ei2π/3)(e−iξ − e−i2π/3) = e−iξ (1 +
2 cos ξ). Therefore, we deduce that there exists an integer  such that Θ(ξ) = (1 + 2 cos ξ)2Θ1(ξ) with
Θ1(2π/3) = 0 and Θ1(ξ) 0 a.e. ξ ∈ R.
Case 1.   0. Then Θ must be continuous at the point 2π/3 and therefore, near ξ = 2π/3, by our
assumption in (ii), we have
Θ(ξ)−Θ(2ξ)∣∣aˆ(ξ )∣∣2 = (1 + 2 cos ξ)2Θ1(ξ)− (1 + 2 cos(2ξ))2Θ1(2ξ)∣∣aˆ(ξ )∣∣2  0.
By 1 + 2 cos(2ξ) = (2 cos ξ + 1)(2 cos ξ − 1), it follows from the above inequality that:
Θ1(ξ)− (2 cos ξ − 1)2Θ1(2ξ)
∣∣aˆ(ξ )∣∣2  0, ξ → 2π/3.
In particular, setting ξ = 2π/3 in the above inequality, we have
Θ1(2π/3) 22Θ1(2π/3)
∣∣aˆ(2π/3)∣∣2.
Since Θ1(2π/3) = 0 and therefore Θ1(2π/3) > 0 by Θ1(ξ) 0 a.e. ξ ∈ R, the above inequality implies
that |aˆ(2π/3)| 2−  1. This is a contradiction to our assumption that |aˆ(2π/3)| > 1 since  0.
Case 2.  < 0. Then Θ has a singularity at the point 2π/3. By Θ1(ξ) = (1+ 2 cos ξ)−2Θ(ξ), we have
(2 cos ξ − 1)−2Θ1(ξ)−Θ1(2ξ)
∣∣aˆ(ξ )∣∣2 = (1 + 2 cos(2ξ))−2[Θ(ξ)− Θ(2ξ)∣∣aˆ(ξ )∣∣2].
Since Θ(ξ) − Θ(2ξ)|aˆ(ξ )|2 can be regarded as a 2π -periodic trigonometric polynomial, by  < 0 and
1 + 2 cos(4π/3) = 0, it follows from the above identity that:
2−2Θ1(2π/3)− Θ1(2π/3)
∣∣aˆ(2π/3)∣∣2 = 0.
Since Θ1(2π/3) = 0, we must have |aˆ(2π/3)| = 2− ∈ {2j : j ∈ N} since  < 0. This is a contradiction
to our assumption that |aˆ(2π/3)| /∈ {2j : j ∈ N}.
In conclusion, if |aˆ(2π/3)| > 1 and |aˆ(2π/3)| /∈ {2j : j ∈ N}, then there does not exist a 2π -periodic
trigonometric rational polynomial Θ such that (i) and (ii) hold.
Let a be a finitely supported mask on Z such that |aˆ(2π/3)| > 1 and |aˆ(2π/3)| /∈ {2j : j ∈ N}. In the
following, we show that no compactly supported tight wavelet frames can be derived via Theorem 1.1
from the refinable function associated with the mask a.
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a 2π -periodic trigonometric rational polynomial Θ with real coefficients such that all the conditions in
Theorem 1.1 are satisfied. Then, by the relation in (1.9), we have
Θ(ξ)−Θ(2ξ)∣∣aˆ(ξ )∣∣2 = r∑
=1
∣∣â(ξ )∣∣2 a.e. ξ ∈ R. (4.7)
Since all â,  = 1, . . . , r are 2π -periodic trigonometric polynomials, we see that Θ(ξ) − Θ(2ξ)|aˆ(ξ )|2
can be extended to be a 2π -periodic trigonometric polynomial since all its singularities are removable.
Moreover, by (4.7), we must have Θ(ξ)−Θ(2ξ)|aˆ(ξ )|2  0 for all ξ ∈ R.
On the other hand, since Θ is a trigonometric rational polynomial, the number of its singularities on
[0,2π ] is finite. By induction, it follows from Θ(ξ)− Θ(2ξ)|aˆ(ξ )|2  0 for a.e. ξ ∈ R, that
Θ(ξ)Θ(2nξ)
n−1∏
j=0
∣∣aˆ(2j ξ)∣∣ a.e. ξ ∈ R, ∀n ∈ N.
Since Θ(0) = 1, it follows from the above inequality that Θ(ξ) 0 for a.e. ξ ∈ R. Therefore, Θ must
satisfy all the conditions in (i) and (ii), which is a contradiction to our conclusion in the first part. 
Example 4.5. Let a be a finitely supported mask on Z given by
aˆ(ξ ) := bˆ(ξ )(2 cos ξ − 1)m and bˆ(ξ ) := 2−n(5 + 4 cos ξ)(1 + e−iξ )n/9,
where m and n are positive integers such that m n+2. Then both a and b are real-valued and symmetric
with aˆ(0) = bˆ(0) = 1. Let φa be the refinable function associated with the mask a and let φb be the
refinable function associated with the mask b. Since
aˆ(ξ ) = (1 + 2 cos(2ξ))
m
(1 + 2 cos ξ)m bˆ(ξ),
it is easy to see that φˆa(ξ) = 3−m(1 + 2 cos ξ)mφˆb(ξ) and therefore, φa is a finite linear combination
of φb. Clearly, when n is large enough, the function φb can be made arbitrarily smooth and therefore, the
refinable function φa can be made arbitrarily smooth by increasing the integer n. However, by calculation,
we have∣∣aˆ(2π/3)∣∣= 2m−n/3 > 1,
since m n+2. Clearly, 2m−n/3 /∈ {2j : j ∈ N}. So, all the conditions in Proposition 4.4 are satisfied. So,
by Proposition 4.4, no compactly supported tight wavelet frames can be derived from φa via Theorem 1.1.
Since bˆ(ξ ) = 0 for some ξ ∈ R if and only if ξ ∈ π + 2πZ, we see that the shifts of φb are stable.
Moreover, it is easy to verify that |aˆ(ξ )|2 + |aˆ(ξ + π)|2 > 0 for all ξ ∈ R.
5. Some examples of symmetric tight wavelet frames
In this section, we present some examples of symmetric tight wavelet frames with three generators
and discuss their connections with the Riesz wavelet bases constructed in [16].
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positive constants C1 and C2 such that
C1
∥∥{cj,k}∥∥2(Z2) 
∥∥∥∥∑
j∈Z
∑
k∈Z
cj,kψj,k
∥∥∥∥
L2(R)
C2
∥∥{cj,k}∥∥2(Z2) (5.1)
for all {cj,k}j∈Z, k∈Z ∈ 2(Z2) and the span of {ψj,k: j, k ∈ Z} is dense in L2(R), where ψj,k := 2j/2ψ(2j ·
−k). As discussed in [16], tight wavelet frames have a close relation with Riesz wavelet bases in L2(R).
We shall see such connections between tight wavelet frames and Riesz wavelet bases again in this section.
Note that the wavelet functions ψ2 and ψ3 in Theorems 4.1 and 4.3 do not have stable shifts and therefore,
neither of them can generate a Riesz wavelet basis in L2(R).
Let us first look at two examples of symmetric tight wavelet frames derived from B-splines using the
method in [14].
Example 5.1. Let B3 be the B-spline function of order 3 with the mask aˆ(ξ ) := 2−3(1 + e−iξ )3. Let
θ(ξ) := θ1(2ξ), where θ1 is defined in (2.5) with m = 3; that is,
θ(ξ) := 437
320
− 97
240
cos(2ξ)+ 37
960
cos(4ξ).
Then it was proved in [14] that θ0(ξ)  0 for all ξ ∈ R. So, the condition in (4.1) of Theorem 4.3 is
satisfied. Now take the 2π -periodic trigonometric polynomial d by
d(ξ) := 2−3(1 − e−iξ )3[0.0220462864695 e−2iξ + 0.0223525313403 e−iξ
− 0.246937221516 − 0.354302839992eiξ + 2.51536049944e2iξ
+ 1.92148683385e3iξ + 1.00787937751e4iξ + 0.202137453602e5iξ ].
Then |d(ξ)|2 = θ0(ξ). Define the wavelet filters a1, a2, a3 as in (4.5) and define the corresponding
wavelet functions ψ1, ψ2, ψ3 as in (4.6). Then by Theorem 4.3 (also see [14, Theorem 1]), {ψ1,ψ2,ψ3}
generates a tight wavelet frame in L2(R). Moreover, all the wavelet functions ψ1, ψ2, ψ3 are symmet-
ric/antisymmetric and have at least 3 vanishing moments. Note that θ(ξ) > 0 for all ξ ∈ R. By [16,
Theorem 2.2 and Corollary 3.4], the wavelet function ψ1 generates a Riesz wavelet basis in L2(R)
(see [16]). In addition, by [8, Corollary 3.4], each of ψ2 and ψ3 generates a wavelet frame in L2(R).
See Fig. 1 for the graphs of the B-spline function B3 and the three wavelet functions ψ1, ψ2, and ψ3.
Example 5.2. For the B-spline function B4 of order 4 with the mask aˆ(ξ ) := 2−4(1 + e−iξ )4, let
θ(ξ) := 12223
7560
− 919
1260
cos(2ξ) + 311
2520
cos(4ξ) − 41
3780
cos(6ξ)
and
d(ξ) := 2−4(1 − e−iξ )4[−0.0561820223369e−4iξ − 0.473352268688e−3iξ
− 1.7899950436e−2iξ − 3.80843285556e−iξ − 4.46670918071
− 2.83818942558eiξ + 1.83000781204e2iξ + 0.137479027849e3iξ
− 0.246381133593e4iξ − 0.00160690617081e5iξ + 0.0135765968753e6iξ
− 0.000445334383025e7iξ + 0.00104702427311e8iξ ].
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ψ3 in Example 5.1, respectively. The set {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R) with 3 vanishing
moments. Moreover, the wavelet function ψ1 generates a Riesz wavelet basis in L2(R) and each of ψ2 and ψ3 generates a
wavelet frame in L2(R). Note that the wavelet function ψ3 has very small magnitude.
Then |d(ξ)|2 = θ0(ξ), where θ0 is defined in (4.2). By Theorem 4.3 (also see [14, Theorem 1]),
{ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R) with 4 vanishing moments. Since
θ(ξ) > 0 for all ξ ∈ R, by [16, Theorem 2.2 and Corollary 3.4], the wavelet function ψ1 generates a
Riesz wavelet basis in L2(R) (see [16]) and by [8, Corollary 3.4] each of ψ2 and ψ3 generates a wavelet
frame in L2(R). See Fig. 2 for the graphs of the functions B4, ψ1, ψ2, and ψ3.
Based on Theorem 4.3, in the following we present a procedure for constructing symmetric tight
wavelet frames with three compactly supported symmetric/antisymmetric generators.
Algorithm 5.3. Let φ ∈ L2(R) be a compactly supported symmetric refinable function with a finitely
supported symmetric real-valued mask a on Z such that φˆ(0) = 1, aˆ(0) = 1, and aˆ(π) = 0. Suppose that
a satisfies the sum rules of order m; that is, aˆ(ξ ) contains the factor (1 + e−iξ )m.
(i) Parameterize the 2π -periodic trigonometric polynomial θ by
θ(ξ) := c0 +
J∑
j=1
cj cos(jξ), (5.2)
where J is a positive integer and c0, . . . , cJ are some unknown real numbers to be determined later;
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ψ3 in Example 5.2, respectively. The set {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R) with 4 vanishing
moments. Moreover, the wavelet function ψ1 generates a Riesz wavelet basis in L2(R) and each of ψ2 and ψ3 generates a
wavelet frame in L2(R). Note that the wavelet function ψ3 has very small magnitude.
(ii) Let θ0 be defined in (4.2). Solve the system of equations θ(0)θ(π) = 1 and θ(j)0 (0) = 0, j =
0,1, . . . ,2m − 1 for the unknowns {c0, . . . , cJ }; that is, we require that θ(0)θ(π) = 1 and θ0(ξ) =
sin2m(ξ/2)η(ξ) for some 2π -periodic trigonometric polynomial η;
(iii) Check the condition η(ξ) 0 for all ξ , which is guaranteed by Theorem 1.2 by appropriately choos-
ing a 2π -periodic trigonometric polynomial θ in step (i) when the shifts of φ are stable;
(iv) Find a square root ζ of η: |ζ(ξ)|2 = η(ξ), and set d(ξ) := 2−m(1 − e−iξ )mζ(ξ);
(v) Define the wavelet filters a1, a2, and a3 as in (4.5) and define the wavelet functions ψ1, ψ2, ψ3 as
in (4.6).
Then by Theorem 4.3, {ψ1,ψ2,ψ3} generates a tight wavelet frame in L2(R). All the wavelet functions
ψ1, ψ2, and ψ3 are symmetric/antisymmetric and have m vanishing moments.
In Algorithm 5.3, one may choose the smallest possible positive integer J in step (i) such that there is
a solution {c0, . . . , cJ } of real numbers to the system of equations in step (ii). Quite often, the condition
η(ξ)  0 ∀ξ ∈ R in step (iii) is automatically satisfied. In the following, let us present some examples
using Algorithm 5.3.
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ψ3 in Example 5.4, respectively. The set {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R) with 3 vanishing
moments. However, the wavelet function ψ1 does not generate a Riesz wavelet basis in L2(R) (see [12]). Each of ψ2 and ψ3
generates a wavelet frame in L2(R).
Example 5.4. Let B3 be the B-spline function of order 3 with the mask aˆ(ξ ) := 2−3(1 + e−iξ )3. Let θ be
the 2π -periodic trigonometric polynomial in (5.2) with J = 2, where
c0 := (13 + 2
√
559)
√
195
390
, c1 :=
√
615 + 30√559
15
, and c2 :=
√
195
30
.
Then we can write θ0 in (4.2) as θ0(ξ) = sin6(ξ/2)η(ξ) for some 2π -periodic trigonometric polynomial η.
One can check that η(ξ) > 0 for all ξ ∈ R. So, the condition (4.1) in Theorem 4.1 is satisfied. Now take
the 2π -periodic trigonometric polynomial d by
d(ξ) := −2−3(1 − e−iξ )3[0.536102420752 + 2.96348626633eiξ + 0.905113493139e2iξ
+ 0.159233990147e3iξ ].
Then |d(ξ)|2 = θ0(ξ) and {ψ1,ψ2,ψ3} in Theorem 4.3 generates a symmetric tight wavelet frame in
L2(R) with 3 vanishing moments. By [8, Corollary 3.4], each of ψ2 and ψ3 generates a wavelet frame in
L2(R). See Fig. 3 for the graphs of the functions B3, ψ1, ψ2, and ψ3 (with shorter support as compared
to Example 5.1).
Example 5.5. Let B4 be the B-spline function of order 4 with the mask aˆ(ξ ) := 2−4(1 + e−iξ )4. Let θ be
the 2π -periodic trigonometric polynomial in (5.2) with J = 3 and
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√
32655
630
≈ 0.286836420761,
c1 := (1890c
2
2 − 1584)c3
311
≈ 6.01975595838,
c0 := 3375634500c
7
2 − 17981951400c52 + 21004534845c32 − 17697112409c2
3873983940
≈ 4.31379700358,
where c2 ≈ 2.071585321442 is a real root of the polynomial
94517766000c82 − 503494639200c62 + 505726963560c42 − 384518919512c22 + 71835828135.
Then θ0(ξ) = sin8(ξ/2)η(ξ) for some 2π -periodic trigonometric polynomial η. One can check that
η(ξ) > 0 for all ξ ∈ R. Set
d(ξ) := 2−4(1 − e−iξ )4[0.279247967236 + 2.12382600567eiξ + 6.09884248587e2iξ
+ 2.77160415553e3iξ + 0.872751079169e4iξ + 0.114584431770e5iξ ].
Then |d(ξ)|2 = θ0(ξ) and {ψ1,ψ2,ψ3} in Theorem 4.3 generates a symmetric tight wavelet frame in
L2(R) with 4 vanishing moments. By [8, Corollary 3.4], each of ψ2 and ψ3 generates a wavelet frame in
L2(R). See Fig. 4 for the graphs of the functions B4, ψ1, ψ2, and ψ3 (with shorter support as compared
to Example 5.2).
Finally, let us present an example of symmetric tight wavelet frames derived from interpolating refin-
able functions φ; that is, φ(k) = δk for all k ∈ Z.
Example 5.6. Let φ be the refinable function with the mask
aˆ(ξ ) := 1
2
+ 9
16
cos(ξ)− 1
16
cos(3ξ).
Let θ be the 2π -periodic trigonometric polynomial in (5.2) with J = 3 and
c3 := −
√
385
210
≈ −0.093435318430,
c1 := (630c
2
2 − 96)c3
11
≈ 0.81536065993,
c0 := 25004700c
7
2 − 20480040c52 + 4177467c32 − 742345c2
2244
≈ 1.23709958476,
where c2 ≈ −0.003739864844 is a real root of the following polynomial
700131600c82 − 573441120c62 + 116519256c42 − 20664280c22 + 289.
Then θ0(ξ) = sin8(ξ/2)η(ξ) for some 2π -periodic trigonometric polynomial η such that η(ξ) > 0 for all
ξ ∈ R. Set
d(ξ) := 2−4(1 − e−iξ )4[0.00135799821366e−2iξ + 0.00615154132410e−iξ
+ 0.203182113520 + 0.843816522384eiξ + 2.43646116380e2iξ
+ 0.579756223739e3iξ − 0.112903009776e4iξ − 0.0321645731113e5iξ ].
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ψ3 in Example 5.5, respectively. The set {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R) with 4 vanishing
moments. However, the wavelet function ψ1 does not generate a Riesz wavelet basis in L2(R) (see [12]). Each of ψ2 and ψ3
generates a wavelet frame in L2(R). Note that the function ψ3 has very small magnitude.
Then |d(ξ)|2 = θ0(ξ) and {ψ1,ψ2,ψ3} in Theorem 4.3 generates a symmetric tight wavelet frame in
L2(R) with 4 vanishing moments. Moreover, by [12,16], the wavelet function ψ1 generates a Riesz
wavelet basis in L2(R) and by [8, Corollary 3.4], each of ψ2 and ψ3 generates a wavelet frame in L2(R).
See Fig. 5 for the graphs of the interpolating refinable function φ and the three wavelet functions ψ1, ψ2,
and ψ3.
Let us finish this paper by some remarks on MRA symmetric tight wavelet frames in L2(R). The
method in Algorithm 5.3, which is based on Theorem 4.3, seems quite flexible for constructing MRA
symmetric tight wavelet frames with three compactly supported generators via Theorem 1.1. However,
the constructed wavelet functions ψ1, ψ2, ψ3 by Algorithm 5.3 or Theorem 1.2 may not have the shortest
possible supports. It is of interest to have a similar algorithm as Algorithm 5.3 so that MRA symmetric
tight wavelet frames with two or three generators can be obtained such that the wavelet functions are
minimally supported in a certain sense.
Let φ be a symmetric refinable function, with a finitely supported symmetric mask a on Z, such
that aˆ contains the factor (1 + e−iξ )m, for some positive integer m. One may construct a 2π -periodic
trigonometric polynomial Θ with the smallest possible degree such that
92 B. Han, Q. Mo / Appl. Comput. Harmon. Anal. 18 (2005) 67–93Fig. 5. (a) The graph of the refinable function φ. (b)–(d) The graphs of the three wavelet functions ψ1, ψ2, and ψ3 in Exam-
ple 5.6, respectively. The set {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R) with 4 vanishing moments.
Moreover, the wavelet function ψ1 generates a Riesz wavelet basis in L2(R) and each of ψ2 and ψ3 generates a wavelet frame
in L2(R). Note that the wavelet function ψ3 has very small magnitude.
(i) Θ(0) = 1 and Θ(ξ)−Θ(2ξ)|aˆ(ξ )|2 = O(|ξ |2m) as ξ → 0;
(ii) MΘ(ξ) 0 for all ξ ∈ R, where the matrix MΘ is defined in (1.10).
Then a tight wavelet frame with two compactly supported generators can be derived from the refinable
function φ via Theorem 1.1 (see [3]). Since Θ has the smallest possible degree, the wavelet functions are
more or less minimally supported in a certain sense.
It is quite appealing to conjecture that, if one can have a 2π -periodic trigonometric polynomial Θ
satisfying the above conditions in (i) and (ii), then, using the same Θ in Theorem 1.1, one can al-
ways obtain three compactly supported symmetric/antisymmetric wavelet functions ψ1, ψ2, ψ3 such
that {ψ1,ψ2,ψ3} generates a symmetric tight wavelet frame in L2(R). However, we found that exam-
ples can be constructed that demonstrate that this conjecture is not true.
Finally, we mention that by combining the approach in this paper and the results in [15], we may be
able to derive symmetric tight wavelet frames with two compactly supported generators derived from
a large class of symmetric refinable functions via Theorem 1.1. The key step to do so is to find a de-
sirable 2π -periodic trigonometric polynomial Θ such that the necessary and sufficient condition in [15,
Theorem 2.4] holds (also see Section 1 for more details). We shall discuss such an issue elsewhere.
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